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Abstract 
In this paper, a multirate output feedback (MROF) based on discrete time sliding mode control (DSMC) method is proposed. The 
MROF controller is designed to maintain the inverted pendulum at upright position by controlling the tracking position of a cart. 
This method is practical because it only used the output samples and the measurement of the system states feedback is not necessary. 
The MROF output sampling is used to estimate the unmeasured states and subsequently applied to the uncertain system. The 
simulation results validated the advantages of the proposed controller despite the existence of nonlinearities in inverted pendulum 
system. 
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1. Introduction 
           Research on inverted pendulum systems have attracted a lot of interest [1-3] as the systems are known as highly 
nonlinear, lack of stability, uncertain system and difficult to control. The existence of uncertainties for example 
modelling error, measurement error and external disturbance will affect the performances, responses of the system 
and may lead the system to be unstable. Sliding mode control (SMC) is considered as a robust nonlinear control 
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technique which has been applied widely for many applications that involved with uncertainties [4][5]. The advantages 
of SMC among the other controllers are external disturbance rejection, stability guarantee and insensitivity to system 
parameters variation especially after the system was driven to sliding manifold [6]. These qualities make SMC a 
suitable controller for inverted pendulum system.  The trend of controller had been changed from continuous to 
discrete recently due to the widespread use of computers for control purpose, as well as the SMC. Digital control 
systems have many advantages over continuous control system such as high accuracy and reliability [7]. The structure 
of continuous SMC is similar to DSMC but the characteristics are different. In continuous time SMC, the switching 
may occur at any time immediately after the state across the sliding manifold and able stay along the sliding manifold, 
however in DSMC the system states incapable to travel along sliding manifold [8]. It will cross the sliding surface in 
zigzag motion with specified band call quasi sliding mode band (QSMB). Several types of sliding surface also have 
been implemented to the DSMC [9][10]. 
 
Many SMC design are using the state feedback and all the states of the plant are always presumed available. However 
in practical situation, not all system states are fully obtainable or measurable. One of the solutions is by applying an 
observer to reconstruct the system states. However, the usage of observers or dynamic compensators would make the 
system more complex. As an alternative, an output feedback can be implemented because the system output constantly 
available for any measurement.  The multirate output feedback (MROF) is a method that only used the system output 
and the previous control input for designing the controller. MROF was used the differences sampling rate for the 
control input and output, in which control input is sampled at a slower rate meanwhile the output is updated at a faster 
rate [11]. The details about implementing DSMC using MROF was popularized by [12][13]. Several researchers have 
successfully implemented the concept of MROF to control the various nonlinear plant [14-16]. In this paper the 
reference tracking for the cart to maintain the pendulum at upright position was added by adding the state variable to 
the system.  
 
This paper is organized as follows. Section 2 presents the modelling of inverted pendulum system. Next, Section 3 
shows the designed controller using multirate output feedback. The simulation results with discussion are in Section 
4. Finally, the summary of research is presented in Section 5. 
 
2. Inverted pendulum model 
 
The inverted pendulum consists of a single rod mounted on a linear cart. The cart is able to move only in the horizontal 
x direction and the pendulum rod can rotate freely in 360 degrees. The aim for designing the controller is to maintain 
the position of pendulum at the upright condition by controlling the movement of the cart. The equation of motion for 
nonlinear inverted pendulum system is summarized as 
            )()())(sin()()))(cos(()()()( tFttlMttlMtxBtxMM cppppeqpc  
xxxxxx TDTT                                                   (1) 
and     
 
 
Nomenclature 
x  cart position,    
x  cart velocity T   pendulum angle, T  pendulum angle velocity,            
Fc input force in the Newton 
Mp pendulum mass 
Ip  the pendulum moment of inertia, 
Bp viscous damping coefficient 
Beq  equivalent viscous damping coefficient 
lp the pendulum length 
Mc cart mass 
0))(sin()()(()())(cos( 2   xxxxx tglMtBtlMItxtlM pppppppp TTTT (2) 
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The nonlinear model as in (1) and (2) can be linearized by considering that inverted  pendulum system is about the 
equilibrium point 0 T .The linearized model with additional of an external disturbance can be expressed as follows:
   
           
 
  
 
 
where the vector nRtx )( is the state vector, mRtu )(  is the control input,  pRty )( is the output vector. The 
matrices A, B, C and  dimension pmn ,,  are known. )(td  is the uncertainty that exist in the system cause by external 
disturbance and the bound of the disturbance is known. 
  
 
   
         
 
 
 
 
 
 
 
 
 
3. Multirate Output Feedback 
 
The system in Eq. (3) also can be written as   
 
                                                                                                                                                                                      (5) 
The new state variable z which is defined as  )()()(
.
tytrtz   is added to the system in order to achieve reference 
tracking, in which r is known as the reference to be followed. Using Eq. (5) and consider the tracking item, the system 
can be represented as 
 
 
                                                                                                                                                                                 (6) 
 
where  
 
                                                                                                                                                                               
 
In MROF, the sampling time for the input and output plant of the system are different. In which, the sampling time 
for  output is at faster rate of N/W second and for control input is at a slower rate of NKW  . The value of N can be 
selected either equal to observability index of ),( C) or greater than that. The input for the controller are based on 
output feedback and past value of input control while the state of the system can be neglected.  
 
The continuous time in Eq. (5) is sampled at 004.0 W   seconds. Then the discrete time of the plant is given by                         
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The previous N multirate-sampled output can be expressed as 
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Then, system in Eq. (8) can be represented in faster sampling time, K  as 
 
 
where  fu CCC ,,0 and rC can be expressed as 
 
 
 
 
 
 
 
 
 
Using Eq. (8) and Eq.(11), the state )1( kx can be represented in term of  )(),(,1 kfkuy k  and )(kr  as 
 
where 
 
 
 
The state )(kx  can be expressed using the output ky   as 
 
Sliding mode can be designed using 1) equivalent method or 2) reaching law method. The new reaching law for this 
system is derived as 
 
 
The future sample of linear sliding surface is obtained as   
 
 
The actual disturbance )(kf  can be estimated if the bound of disturbance is known, therefore the upper and lower 
bound for )(kf  , )(kg  and  )(kl  can be expressed as follow . 
 
                                                                                             
 
 
 
where  
 
                                                                     
                                                   
 
If  refer to Eq. (15), the ))(sgn( ks is undefined due to the existence of disturbance, Then ))((sgn(
_
ks  in which does 
not involved any disturbance terms as 
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Then, the control input that satisfied reaching law in equation (15) and  ))((sgn(
_
ks  is represented as  
 
 
 
 
4. Simulation Results 
 
To illustrate the simulation for inverted pendulum system, the parameters of equation (13) are  
 
 
 
 
 
 
 
Since the observability index for inverted pendulum system is 4, the value of N is chosen as 4 and the fast output 
sample is 001.0 K  seconds. The value of mean and variant of disturbances are  
 
 
 
 
 
The simulation parameters need to be tuned to obtain the best system response performance. The value for the 
switching surface is ]5974.3748.4524.15380.9074.3[  G . Then the system performance of the MROF is 
compared with other controller, which is discrete linear quadratic regulator (DLQR) to identify the response of the 
system. Thus, the gain for the DLQR controller is   ]5309.133888.409181.1251696.42[  K .  After 1 second, 
the cart is forced to move to 0.02 m from the initial condition. At the same time, the pendulum rod must remain 
vertically straight. The MROF controller provides lower overshoot and faster settling time as shown in Fig. 1. 
Meanwhile Fig. 2 shows the angle of the inverted pendulum system in order to maintain the pendulum at the upright 
position. The control input that follow the control law in equation (20) is shown in Fig. 3.   
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Fig. 1. Tracking performance of cart position 
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5. Conclusion 
 
A MROF design is presented in this paper. The MROF method requires only the output feedback and past input 
controller to design the control input. In this study, a controlled plant is assumed to be multirate control system, where 
the plant output and the control input are sampled at the different rate. The MROF based DSMC was used to enable 
the system output tracks the desired reference trajectory and stabilize the inverted pendulum–cart system. The 
implementation on simulation for MROF has given good results, especially in terms of the capability to control the 
system although an external disturbance was applied on the inverted pendulum system. 
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Fig. 3. Control input 
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